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Abstract
We give a review of different forms of uncertainty relations for mixed
quantum states obtained over the last two decades and present many new
results. The nonclassical properties of mixed states minimizing the
purity-bounded uncertainty relations (a possibility of sub-Poissonian
statistics, squeezing etc) are considered. The normalized Hilbert–Schmidt
distance between the minimizing states and the ‘most classical’ thermal
states is used as a ‘measure of nonclassicality’ together with the Mandel
parameter. For highly mixed minimizing states (whose ‘purities’ are very
small), the normalized Hilbert–Schmidt distance tends to a finite limit,
which depends on the nature of the state (15% of the maximal possible
distance if the deviation from pure states is characterized by the ‘standard
purity’ Tr ρ̂ 2 and 37% if the ‘superpurity’ limr→0 [Tr(ρ̂ 1+1/r )]r is chosen as a
measure of deviation).
Keywords: Uncertainty relations, mixed quantum states, canonical

transformations, invariant uncertainty product, generalized purities,
quantum entropies, squeezing, nonclassical states, sub-Poissonian statistics,
Hilbert–Schmidt distance, ambiguity function

1. Introduction
The Heisenberg uncertainty principle [1] was strictly
formulated in the form of the inequality for variances of the
canonically conjugated observables σpp ≡ p̂ 2  − p̂2 and
σxx ≡ x̂ 2  − x̂2
σpp σxx  h̄2 /4

(1)

by Kennard [2] and Weyl [3] for pure quantum states, which
can be described in terms of wavefunctions. The validity
of (1) for mixed quantum states, described by means of the
statistical operator (density matrix) ρ̂, was established for the
first time in the paper by Mandelstam and Tamm [4] (see also,
e.g., [5–10]). It is known that the equality in relation (1) occurs
only for pure coherent states, whereas for mixed states we
always have a strong inequality. For example, in the case of an
equilibrium state of a harmonic oscillator with frequency ω at
1 On leave from: Moscow Institute of Physics and Technology and the
P N Lebedev Physical Institute.
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temperature T , the uncertainty product is given by (kB is the
Boltzmann constant)
2


h̄
h̄ω
.
(2)
coth
σpp σxx =
2
2kB T
In the high-temperature case kB T  h̄ω, the right-hand
side of (2) is so large that inequality (1), despite being
absolutely correct, becomes practically useless. Therefore, the
following problem arises naturally—to find generalizations of
inequality (1) which would contain some extra dependence on
parameters characterizing the ‘degree of purity’ of a quantum
state, in such a way that generalized relations could turn into an
equality (perhaps approximate) even for highly mixed states.
Although this problem has been considered by several authors
over the past two decades, it seems that the achievements in
this field are still unknown to a wide community. It is the
goal of this paper to give a review of various known forms
of the uncertainty relations for mixed states, bringing together
old and new results. We confine ourselves to the inequalities
for coordinate and momentum ‘uncertainties’ in one space
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dimension, leaving aside the case of finite-dimensional Hilbert
spaces.
The plan of the exposition is as follows. In section 2
we consider generalizations of the Heisenberg–Weyl inequality (1) containing in the right-hand side certain functions of
the ‘quantum purity’ µ ≡ Tr(ρ̂ 2 ). The inequalities containing the ‘generalized purities’ µ(r) ≡ [Tr(ρ̂ 1+1/r )]r are considered in section 3, with a detailed study of the limit case
r = 0. Another limit case, r → ∞, results in the ‘entropybounded’ uncertainty relations, which are considered in section 4, where a brief discussion of other ‘entropic’ uncertainty
relations is given. Section 5 is devoted to the ‘nonclassical’
properties of the states minimizing the inequalities considered
in sections 2–4. Other approaches to the problem, in particular
those based on modifications of the definition of ‘uncertainties’
for mixed states, are discussed in section 6. The concluding
section 7 contains a discussion and a short list of unsolved
problems.

2. Inequalities containing the ‘second-order purity’
The simplest parameter characterizing the ‘purity’ of a
quantum state is [11]
µ = Tr ρ̂ 2

(3)

because for pure states ρ̂ 2 = ρ̂ and µ = 1 due to the
normalization condition Tr ρ̂ = 1, whereas for mixed states
ρ̂ 2 = ρ̂ and 0 < µ < 1. It is known that for any quantum
state described by means of a Gaussian density matrix or
Wigner function (or some other quasiprobability distribution),
the following equality holds for systems with one degree of
freedom (see, e.g., [12]):
2
=
σpp σxx − σxp

h̄2
,
4µ

is invariant with respect to arbitrary linear canonical
transformations of operators x̂ and p̂ [12, 18, 19].
The first explicit expression for the function (µ) in
the form B (µ) = 8/(9 µ) was found by Bastiaans [20] in
the context of the problem of partially coherent light beams,
where parameter µ had the meaning of the degree of space
coherence. However, function B (µ) does not satisfy the
condition (1) = 1; i.e., using this function one arrives at an
inequality which is weaker than (1) for pure quantum states.
Besides, the lower limit of the uncertainty product 4h̄/(9µ)
cannot be achieved for any quantum state. Actually, B (µ) is
an asymptotical form of the exact expression found for the first
time in [16, 21, 22].
To obtain this exact expression, we use the property of
any statistical operator ρ̂ to possess a diagonal expansion over
some complete orthogonal set of pure states labelled by an
integral index m:


ρm |mm|,
ρm = 1,
m|n = δmn .
ρ̂ =
m

(7)

Let us order this set in accordance with the inequalities
1  ρ0  ρ1  · · ·  ρm  ρm+1  · · ·  0,

(8)

and introduce an auxiliary function
E(ξ ) =

σpp
+ ξ σxx ,
ξ

(9)

which can be considered as twice the mean energy of
some harmonic oscillator with a unit frequency.
The
eigenstates |ñ of this auxiliary oscillator also form a complete
orthonormalized set of states. The coefficients of the expansion

|m =
amn (ξ )|ñ
n

(4)
form a unitary matrix


where
σxp ≡ 21 p̂ x̂ + x̂ p̂ − p̂x̂ ≡ σpx
is the quantum covariance. Consequently, the generalized
inequality can be of the form

h̄
2 
(µ),
(5)
σpp σxx − σxp
2
where (µ) is a monotonic function of µ satisfying the
relations
(1) = 1  (µ)  µ−1

for

0 < µ  1.

(Inequality (5) with unity instead of (µ) was proved for the
first time in [13, 14] and later, e.g., in [5, 15]; nowadays it
is known under the name Schrödinger–Robertson uncertainty
relation [8, 16, 17].) It is reasonable to expect that (µ) must
go to infinity when µ tends to zero (and this conjecture will
be confirmed). We call inequality (5) the ‘purity-bounded
uncertainty relation’.
As a matter of fact, it is sufficient to find function (µ)
considering a subfamily of states with zero covariance, taking
into account that the quantity
2
D ≡ σpp σxx − σxp

(6)

n

∗
amn akn
= δmk .

(10)

Bastiaans [20] proved the relations

E(ξ ) 
ρm |amn (ξ )|2 (2n + 1) 
ρm (2m + 1), (11)
=
h̄
mn
m
where the last inequality is essentially based on the
orthogonality condition (10) and the ordering condition (8)
(see the appendix). Since the right-hand side of (11) no longer
depends on parameter ξ , the minimization of E(ξ ) with respect
to ξ results in the inequality
√

σpp σxx 

∞
h̄ 
ρm (2m + 1).
2 m=0

(12)

Consequently, one has to find a minimum of the function

f (ρ0 , ρ1 , . . .) =
ρm (2m + 1)
(13)
m

under the additional constraints


ρm = 1,
ρm2 = µ.

(14)
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Introducing the Lagrange multipliers, let us consider the
function

f˜ = f +
(λ2 ρm2 − λ1 ρm ).
Its minimum is achieved for values linearly decreasing with
index m
λ1 − 1 − 2m
ρm =
2λ2

2(M + γ − m)
,
(M + 1)(M + 2γ )

(15)

where M is the maximal integer until which the summations
should be performed in equations (13) and (14), and γ is
confined in the interval 0  γ  1. The relations between
parameters M, γ and purity µ are as follows:

2γ =
µ=

M(M + 2)
3[µ(M + 1) − 1]

(16)

2M(2M + 1) + 12γ (M + γ )
.
3(M + 1)(M + 2γ )2

(17)

The meaning of this inequality is simple—in order to obtain
a highly mixed state with µ  1, the number of terms in the
expansion (7) must be large enough. The second limitation
follows from the condition γ  0; it results in the inequality
4 − 3µ + 16 + 9µ2
.
M
6µ

(19)

Inequalities (18) and (19) are compatible for any value µ  1.
For given M and µ, the minimal value of function (13) is given
by


1
M
(M + 1)(M + 2) µ −
3
M +1

1/2
.

(20)
Now, the function (µ) can be obtained from (20), if one
chooses the appropriate value of integer M. For example, if
1−µ  1 (a slightly mixed state), then the only possible value
of M is M = 1. Consequently, for values of µ close to unity,
function (µ) takes the form
1 (µ) = 2 −

2µ − 1.

(21)

If ε ≡ 1−µ  1, then 1 (1−ε) = 1+ε +ε2 /2+· · · , which is
obviously less than µ−1 = 1 + ε + ε 2 + · · · (although the relative
difference does not exceed 10% in the interval 0.5 < µ < 1
and is equal to zero at the ends of this interval).
Function (21) is well defined for µ > 1/2. However, as a
matter of fact, expression (21) gives the minimal possible value
√
of the product σpp σxx only in the interval 1  µ  5/9,
S100

(22)

Moreover, their first derivatives with respect to µ coincide at
this point, too. However, for µ < 5/9 we have 1 (µ) >
2 (µ). It is easy to verify that for the given value of purity µ,
the minimal value of function (20) is achieved for the maximal
admissible value of integer M, because the derivative of
function (20) with respect to M is equal to −∞ at M = µ−1 −1,
which means that this function decreases with increasing M.
Thus we find a set of functions k (µ) ≡ f∗ (µ; M = k)
representing the minimizing function (µ) in the intervals
µk  µ  µk+1 , where the boundary points µk are determined
from the condition that (19) becomes an equality for M = k
µk =

2(2k + 1)
.
3k(k + 1)

(23)

In particular,

For a given value of the purity coeffient µ, the integer M must
satisfy two constraints. First, it follows from (16) that γ is real
provided
(18)
1 + M  µ−1 .

f∗ (µ; M) = 1 + M −

8(µ − 1/3).

At the point µ2 , the functions (21) and (22) coincide:

1/2
− M,



2 (µ) = 3 −

1 (5/9) = 2 (5/9) = 5/3.

(notice that the ordering condition (8) is satisfied). The values
of the Lagrange multipliers λ1 and λ2 can be easily found from
equations (14). Finally, it appears convenient to parametrize
the optimal set of coefficients as
ρm =

because at the point µ2 = 5/9 the value M = 2 becomes
admissible in accordance with (19), and the new expression
for (µ) emerges:

µ3 =

7
,
18

µ4 =

3
,
10

µ5 =

11
,
45

µ6 =

13
.
63

For large values of k it is convenient to use the formula


4
1
µk =
1−
.
3k
2(k + 1)
The first functions k (µ) are as follows:
3 (µ) = 4 −

20(µ − 1/4),

4 (µ) = 5 −

40(µ − 1/5),

5 (µ) = 6 −

70(µ − 1/6).

For µ = µk , these functions assume the same values

4
+
16 + 9µ2k
1 + 2k
.
=
(µk ) =
3
9µk

(24)

The first derivatives of functions k (µ) and k+1 (µ) also
coincide at the boundary points µk+1 , but their derivatives of
the second and higher orders are different at these points.
We see that the explicit analytical form of function (µ)
turns out different for different segments of the interval 0 <
µ  1. Therefore, sometimes it could be convenient to use a
simple interpolation expression, which is obtained by means
of replacing an integer M in (20) by its maximal admissible
value (19) (even if this value is not integral)
˜
(µ)
=

4+

16 + 9µ2
.
9µ

(25)

˜
The functions (µ)
and (µ) coincide at points µk ; in some
interval immediately to the right of these points, one has
˜
(µ)
> (µ), whereas immediately to the left of these points
˜
(µ)
< (µ). However, the difference between the exact and
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approximate values does not exceed 0.02 even for the values of
µ close to unity. Moreover, for µ → 0 this difference becomes
less than µ2 /64. For µ  1, the following asymptotical
formula holds:


8
9 2
˜
(µ) =
(26)
1 + µ + ··· ,
9µ
64
and |(µ) − 8/(9µ)| < 0, 01 for µ  0, 25 ≈ µ5 .

3. Inequalities containing ‘purities’ of arbitrary
orders
The ‘degree of purity’ of a quantum state can be characterized
by means of many other quantities different from µ = Tr ρ̂ 2 .
Bastiaans [23] proposed (looking for quantitative measures of
spatial coherence of optical beams) to use the traces of arbitrary
powers of operator ρ̂. It is convenient to define the ‘generalized
purities’ as follows (our definition coincides with that proposed
by Bastiaans in [24], provided his index p is replaced by 1+1/r;
in [23] he used a slightly different definition):
µ(r) = Tr ρ̂ 1+1/r

r

,

r > 0,

(27)

so that µ(1) = µ, where µ is the ‘usual’ purity parameter
µ used in the preceding section. Equivalently, one can use
‘generalized’ [25–27] or ‘nonextensive’ entropies [28]
Sq =

1 − Tr(ρ̂ q )
,
q −1

q>1

(28)

(S2 ≡ 1 − µ is usually called ‘linear entropy’), but formulae
look simpler for the definition (27).
Using the same scheme as in the preceding section, one
can easily find that the optimal weights of states |mm| in
quantum mixtures minimizing the uncertainty product for the
fixed value of parameter µ(r) have the form
ρm = A(M + γ − m)r ,

m = 0, 1, . . . , M,

0  γ  1,
(29)
where coefficients A and γ must be determined from the
constraints
r

M
M

ρm = 1,
ρm1+1/r = µ(r) .
m=0

m=0

The ‘generalized purity-bounded uncertainty relation’
has the form (5), where the minimizing function (r) (µ(r) )
possesses different analytical expressions in different
subintervals of the total interval 0 < µ(r)  1
M
r+1
m=0 (M + γ − m)
(r)
(r)
(µ
)
=
1
+
2(M
+
γ
)
−
2
(30)
M
M
r
m=0 (M + γ − m)
(r)

and the dependence on µ is ‘hidden’ in parameters γ and M,
which should be found from the equation
M
1+r r
m=0 (M + γ − m)
= µ(r) .
(31)
M
r+1
r
m=0 (M + γ − m)
The ‘critical points’ µ(r)
M (where integer M changes by unity)
correspond to zero values of γ in (31).

The sum in (30) can be calculated explicitly for integral
values of r = 1, 2, . . . in terms of the Bernoulli polynomials
Bn (x) [29]. In particular,
r + 1 Br+2 (M + 1 + γ ) − Br+2 (γ )
.
r + 2 Br+1 (M + 1 + γ ) − Br+1 (γ )
(32)
However, even in this case it is impossible to resolve explicitly
the algebraic equation of the order r(r + 1) which connects
parameter γ with purity µ(r) (except for the case of r = 1
studied in the preceding section)
(r)
M = 1 + 2(M + γ ) − 2

µ(r) =

(r + 1)r+1 [Br+2 (M + 1 + γ ) − Br+2 (γ )]r
.
(r + 2)r [Br+1 (M + 1 + γ ) − Br+1 (γ )]r+1

(33)

For example, for r = 2 and γ = 0 we have
(2)
M =

M2 + M + 1
,
2M + 1

µ(2) =

27M(M + 1)
.
2(2M + 1)3

Explicit expressions can be obtained either for slightly mixed
(1 − µ(r)  1) or highly mixed (µ(r)  1) states, or in the
limit cases r = 0 or ∞.
3.1. Slightly mixed states
For slightly mixed states, the optimal quantum mixtures have
only two terms in the diagonal decomposition; i.e., M = 1.
Then
2ξ r
(r)
,
(34)
1 =1+
1 + ξr
where ξ = γ /(1 + γ ) must be found from the equation
µ(r) =

(1 + ξ r+1 )r
(1 + ξ r )r+1

(35)

which cannot be solved explicitly for r = 1 (if 0 < r < ∞).
Function (34) minimizes the uncertainty product in the
(r)
 1, where µ(r)
interval µ(r)
2 µ
2 corresponds to γ = 1 (or
ξ = 1/2) in (35):
µ(r)
2 =

(2r+1 + 1)r
,
(2r + 1)r+1

1
µ(0)
2 = 2,

µ(∞)
= 1. (36)
2

At the left-hand end of this interval, we have
(r)
(r)
1 (µ2 ) =

3 + 2r
.
1 + 2r

(37)

For small values of the difference 1 − µ(r) , we obtain
(r)
(r)
1 (µ ) = 1 +

2
(1 − µ(r) ) + · · · .
r +1

(38)

3.2. Inequalities for ‘superpurity’ (r = 0)
(r)
Explicit expressions for all functions (r)
M (µ ) in the whole
interval 0 < µ(r)  1 can be found in the case r = 0.
It is easy to verify that the limit of µ(r) for r → 0 is
nothing but the maximal of coefficients ρm in the diagonal
decomposition (7) [23, 24]. Moreover, it can be shown [24]
that µ(r) is a continuous nonincreasing function of r for r > 0,
i.e. µ(0)  µ(r)  µ(p) for 0  r  p < ∞ (at the same
time, coefficients [µ(r) ]1/(1+r) are nondecreasing functions
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of r [23]). For this reason, we use the name ‘superpurity’ for
µs ≡ µ(0) (thus our µs coincides with µ∞ of Bastiaans [23]).
Functions (0)
M (µs ) change their analytical form at the
points µsM = 1/M. In each interval M −1  µs  (M + 1)−1 ,
we have the sets of optimal coefficients

m = 0, 1, . . . , M − 1,
µs ,
ρm =
(39)
1 − Mµs ,
M = m,
which result in the linear dependences
(0)
M (µs ) = 1 + 2M − M(M + 1)µs .

(40)

The total function (0) (µs ) is continuous:

4. ‘Entropy-bounded’ versus ‘entropic’ uncertainty
relations
Since the ‘second critical point’ µ(r)
2 (36) tends to unity for
r → ∞, one may hope to obtain a unique analytical expression
for (∞) (µ(∞) ) in the whole interval 0 < µ(∞)  1. On the
other hand, the limit case r = ∞ in (27) is equivalent to
the limit q → 1 in the nonextensive entropy (28), when this
entropy becomes the usual von Neumann entropy

(43)
S = − Tr(ρ̂ ln ρ̂) = −
ρm ln ρm .
Therefore it is not surprising that parameter µ(∞) is connected
with the entropy (43). Bastiaans [24] showed that this
connection is very simple

(0)
−1
(0) (µsM ) = (0)
M (µsM ) = M−1 (µsM ) = M = µsM ,

although its derivatives have jumps at the critical points
µsM . Comparing formulae (39) and (40) with general
expressions (29)–(38), one should take into account that in
the limit r → 0 parameters γ and ξ also tend to zero in such
a way that γ r ∼ ξ r remains nonzero (actually, limr→0 γ r =
µ−1
s − M).
The hyperbola
˜ (µs ) =

(0)

µ−1
s

(41)

passing through all critical points µsM gives a good
approximation of (0) (µs ) (the accuracy is about 10% even
in the middle of the interval 1/2 < µs < 1, and it is much
better for µs  1). Between the critical points, we have a
˜ (0) (µs ) < (0) (µs ). Note that the value
strict inequality 
−1
µs was interpreted in [30] as ‘effective number of degrees of
freedom’ of partially coherent optical beams.
3.3. Asymptotics for highly mixed states
One can obtain an approximate (asymptotical) expression for
the function (r) (µ(r) ) for highly mixed states with µ(r)  1.
In this case, the number of terms M in the sums of (30) and (31)
is so large that one can replace these sums by integrals over
dm from 0 to M (using the simplest variant of the Poisson
summation formula) and neglect γ  M. Then
A≈

r +1
,
M r+1

µ(r) ≈

(r + 1)r+1
,
M(r + 2)r

(r) ≈

2M
.
2+r

Expressing M in terms of µ(r) we obtain an approximate
dependence
˜ (r) (µ(r) ) =




2 r + 1 r+1
,
µ(r) r + 2

µ(r)  1.

(42)

Using another approach, Bastiaans [23] proved that the
˜ (r) (µ(r) )/2 for
uncertainty product is always greater than h̄
any r > 0, and the equality occurs in the limit case r = 0 for
µs = µsM (in our notation). The approximation (42) is weaker
than the usual uncertainty relation (1) for slightly mixed states
with µ(r) close to unity, because the coefficient at [µ(r) ]−1
in (42) is less than unity for r > 0.
S102

µ(∞) ≡ µS = exp(−S).

(44)

The following useful inequalities hold:
µs ≡ µ(0)  µ(1) ≡ µ  µ(∞) ≡ µS .
Looking for the minimum of the function
∞


ρm (2m + 1 − λ1 + λ2 ln ρm ),

m=0

one obtains an infinite set of optimal coefficients in the form
ρm = (1 − e−β )e−βm ,

(45)

where parameter β is determined by the condition
β(eβ − 1)−1 − ln(1 − e−β ) = S.

(46)

Therefore the invariant uncertainty product for mixed states
with the given entropy S is bounded by the function which has
a form of an effective Planck distribution [16, 21, 22]:



2
h̄
2
1 + β(S)
σpp σxx − σpx 
.
(47)
2
e
−1
This relation can be called the ‘entropy-bounded uncertainty
relation’. It was also obtained (for σpx = 0 and in a different
explicit form, which is, nonetheless, completely equivalent
to (47)) in [24].
For S  1 equation (46) has an approximate analytical
solution β ≈ exp(1 − S). Putting this into (47) we find a
simplified inequality

h̄
2 > h̄eS−1 =
σpp σxx − σpx
,
eµS

S  1,

(48)

in full accordance with the limit r → ∞ in (42).
It is worth emphasizing that inequalities (47) and (48)
contain ‘true’ von Neumann’s entropy, in contrast to a large
family of ‘entropic uncertainty relations’ [16, 31–37], which
are based on more specific ‘entropies’ defined in terms of
distributions of canonically conjugated variables in some
distinguished representations. The coordinate–momentum
entropic uncertainty relation for pure states reads
Sx + Sk  ln(eπ ),

(49)

Uncertainty relations for mixed quantum states



where
Sx = −

|ψ(x)| ln(|ψ(x)| ) dx,

(50)

|ϕ(k)|2 ln(|ϕ(k)|2 ) dk

(51)

2

2


Sk = −


and
ϕ(k) =

√
ψ(x) exp(−ikx) dx/ 2π.

(52)

Inequality (49) has many advantages over the Heisenberg–
Weyl inequality (1). In particular, the Heisenberg–Weyl
inequality (1) can be derived from (49) (but not vice versa).
This is a consequence of the inequality (valid for arbitrary
distributions and turning into an equality for Gaussian
distributions)
(53)
Sx  21 ln(2πeσx ).
A disadvantage of inequality (49) is that it is intimately
connected with the notion of a wavefunction, being valid,
therefore, only for pure quantum states (which have zero ‘true’
entropy). Trying to stay in the realm of pure (even if not
completely physical) states, Abe and Suzuki [38] used the
thermofield formalism, enlarging the Hilbert space by means
of introducing extra artificial degrees of freedom. Then the
‘entropies’ can be defined as in (50), provided ψ(x) is replaced
by ψ(x, x̃) and the integration is performed over dx dx̃, where
x̃ is an additional fictitious coordinate. In this way, Abe
and Suzuki obtained (in the special case of zero covariance)
a ‘thermal Heisenberg uncertainty relation’, which can be
transformed (after simple algebra) exactly to the form (47)
(with σxp = 0). An obvious disadvantage of the Abe–
Suzuki inequality was a lack of clear physical meaning of the
parameter β—it could be interpreted as an inverse temperature
of the artificial enlarged system, but it has no direct relation
to the entropy or other characteristics of the real system under
study.
Hall [39] generalized the definition of ‘coordinate’ and
‘momentum’ uncertainties to the case of mixed states, using
the corresponding probability distributions (such as ρ(x, x)
instead of |ψ(x)|2 ) in (50) and (51). He considered the ‘noisedependent’ states defined as follows:

†
,
'(ρ̂) =
dx dp pγ (x, p; nγ )D̂xp ρ̂ D̂xp
pγ (x, p; nγ ) = (2πnγ )−1 exp


−

x +p
2nγ
2

,

1
2

+ nγ

(where M is the covariance matrix of the distribution ρ(p, q))
and the arbitrariness of parameter ω, they have obtained
inequality (48) (including the covariance term).

5. Nonclassical properties of minimizing states
Let us discuss now properties of the states which minimize
the uncertainty relations for mixed states. Evidently, the
equality in the entropy-bounded relation (47) is achieved for
the ‘thermal’ (Gaussian) states constructed from the harmonic
oscillator eigenfunctions with the aid of equations (7) and (45).
These states can be considered as the ‘most classical’ mixed
quantum states, in the same sense as coherent states are
considered frequently as the ‘most classical’ pure states.
In contrast, the equality sign in the generalized purity
bounded uncertainty relation (5) is attained for the finite
mixtures of the oscillator’s m-quantum states |mm| (7),
where coefficients ρm are given by equation (29), so these
minimizing states are ‘nonclassical’. In [43] it was proposed
to use the minimal Hilbert–Schmidt distance between ρ̂ and
all operators describing displaced thermal states with the same
degree of purity µ as a quantitative measure of ‘nonclassicality’
of any state described by the statistical operator ρ̂ (a long
list of references to studies devoted to the problems of
‘nonclassicality’ and distances between quantum states can
be found in [44]). For mixtures of unshifted Fock states, the
minimum of the distance is achieved for the unshifted thermal
state

∞ 
1−µ m
2µ 
ρ̂th =
|mm|.
(58)
1 + µ m=0 1 + µ

d2 ≡

For these states, he proved the inequalities (here h̄ = 1)

+X+P 

where ρ(p, q) = z|ρ̂|z is a non-negative quasiprobability
distribution (Husimi function [42]), defined by means of
coherent states |z of some oscillator
with an arbitrary
√
frequency ω, so that z = (ωq+ip)/ 2h̄ω. Taking into account
the properties of the Wehrl entropy
√
S  I  ln (e/h̄) det M
(57)

Since the distances between any states with the same value of
purity go to zero when µ → 0, we introduce the normalized
Hilbert–Schmidt distance as

2

D̂xp = exp(ipX̂ − ix P̂ ).

SX + SP  ln(eπ) + ln(2nγ + 1),

Anastopoulos and Halliwell [40] used the so-called Wehrl
entropy [41]

dp dq
ρ(p, q) ln ρ(p, q),
(56)
I=
2πh̄

(54)
(55)

(relation (55) is a consequence of inequality (54)).
Evidently, (55) has the same form as (47). However, it was
not shown in [39] how to extract parameter nγ (‘mean number
of added noise photons’) from an arbitrary given statistical
operator ρ̂.

Tr ρ̂ − ρ̂th
2µ

2

=1−2

 (1 − µ)m
ρ .
m+1 m
m (1 + µ)

(59)

We consider two sets of states, for which all explicit
expressions are known. The first set consists of the states
minimizing the uncertainty product for the given value of the
usual purity µ
(1)
ρ̂Mγ
=

M

2(M + γ − m)
|mm|.
(M
+ 2γ )(M + 1)
m=0

(60)

In the particular case γ = 0, these states were also studied
in [45]. The minimal distance between the state (60) and the
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family of displaced thermal states with the same purity µ is
given by
d12

(1 + µ)[(1 − x)(M + γ − γ x M+1 ) − x(1 − x M )]
=1−
,
µ2 (M + 1)(M + 2γ )

where x = (1−µ)/(1+µ). For M = 1, this distance increases
as
d1 (γ ) = γ 2 [1 + 3γ (1 + γ )]−1 ,
reaching the value d1 (1) = 1/7 at the point µ2 = 5/9. For
M  2, the distance practically does not depend on M and γ
(i.e. on µ), remaining at approximately the same level d ≈ 1/7.
The asymptotical value of the normalized distance for µ → 0
is given by
d1 (µ → 0) =

1
4

1 − 9 exp(−8/3) ≈ 0.15

M(M − 1 + 3γ )
,
3(M + 2γ )

nth =

1−µ
,
2µ

(62)

so we have n(1) ≈ 4/(9µ) and nth ≈ 1/(2µ) for µ → 0 (note
that the coefficients at µ−1 turn out to be the same as in the
asymptotical bounds for uncertainty products).
Nonetheless, the photon statistics in the MMS is
essentially different from the super-Poissonian statistics of
thermal states, characterized by the Mandel parameter
Qth =

1+µ
,
2µ2

Q≡

n2 − (n)2 − n
.
n

(63)

The complete expression for Q(1) (M, γ ) in the MMS is rather
cumbersome, but its special cases for γ = 0 and M  2 or for
any γ and M = 1 are very simple
M −4
,
M  2,
6


γ
1
Q(1) (1, γ ) = −
2µ − 1 − 1 .
=
1 + 2γ
2
Q(1) (M, 0) =

(64)
(65)

Consequently, the statistics in MMS is sub-Poissonian for
M < 4 (i.e. for µ > 3/10). Moreover, although Q(1)  0 for
µ  3/10, the statistics in MMS turns out to be ‘much less’
super-Poissonian than in the thermal states—this is clearly seen
from the relationships which hold for µ → 0
Q(1) ≈

2
,
9µ

Qth ≈

1
.
2µ2

(66)

The second set consists of the states minimizing the
uncertainty product for the given value of the ‘superpurity’
µs
M−1

(0)
ρ̂M
= µs
|mm| + (1 − Mµs )|MM|.
(67)
m=0
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µ = µs + [1 − Mµs ][1 − (M + 1)µs ],

(68)

so µ = µs = µ(r) for µsM = 1/M, 0  r  ∞, and the (nonnegative) difference µs − µ decreases as µ2s when µs → 0.
The distance between the state (67) with M = 1 and the
thermal state with the same purity is given by
d0 =

2(1 − µs )2
,
1 + µs

1
2

 µs  1.

(69)

For µs  1/2, simple expressions can be written for the critical
values µsM = 1/M (when µ = µs )

d0 =

(61)

(one should take into account that M ≈ 4/(3µ) when µ  1,
therefore (1 − 2µ)M → exp(−8/3) as µ → 0).
The values of distance found above show that the
minimizing mixed states (60) (MMS) are not ‘extremely far’
from the thermal ones, in accordance with the fact that the
exact function (µ) is also not very far from the dependence
µ−1 characterizing Gaussian states. The same is true for the
mean number of photons,
n(1) =

The usual purity of the state (67) is given by

M −1
M +1

M/2

,

(70)

so that d0 = 1/3 for M = 2 and d0 → 1/e ≈ 0.37 when
M → ∞ (i.e. µs → 0). Since d0 > d1 for the same
values of purity µ, one may conclude that state (67) is ‘more
nonclassical’ than state (60). This is confirmed by the analysis
of the photon statistics. The mean number of photons is given
by
M −1
n(0) =
(71)
Mµs + M(1 − Mµs ).
2
Simple expressions for the Mandel parameter are obtained for
1/2  µs  1 and for µsM = 1/M:
M −5
.
6
(72)
The statistic is sub-Poissonian in a wider interval 1  µs >
1/5, and the absolute values of the Q-factor are larger in this
interval than in the case of states (60). For small values of the
‘asymptotical purity’, we have Q(0) ≈ [6µs ]−1 , which is less
than Q(1) for the same value of purity.
The Wigner functions of the MMS can be easily
obtained from the statistical operator decomposition (7)
with coefficients (29), if one uses the known expression
for the Wigner function of the Fock states in terms of
the Laguerre polynomials [46–48]. Using dimensionless
variables, corresponding formally to a harmonic oscillator with
unit mass, frequency and Planck’s constant, we can write the
Wigner functions of the MMS as
Q(0) = µs − 1,

1
2

(r)
WMγ
= Ae−y

M


 µs  1,

Q(0)
M =

(M + γ − m)r (−1)m Lm (2y),

(73)

m=0

where y ≡ x 2 + p 2 .
It is remarkable that all functions of the form (73) are
non-negative in the whole phase plane (x, p), although they
describe nonclassical states. It was shown by Bastiaans [45]
that
∞

ρm (−1)m Lm (y)  0
m=0

for any y  0, provided coefficients ρm are ordered as in (8).
It is known that the only non-negative Wigner function of pure
quantum states is the Gaussian one. However, functions (73)
are related to the mixed states. Bastiaans [45] gave also an
(1)
interesting asymptotical form for the function WM0
for highly
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mixed states with µ  1 (i.e. M  1). In the normalized
form, it reads

(2M + 1 − y),
y < 2M + 1,
4
(1)
WM0 (y) ≈
2
(2M + 1)
0,
y  2M + 1.
5.1. Squeezing and whole families of minimizing states
The minimizing states in the form (7) (with |m meaning the
Fock state) are obviously unsqueezed, since they possess equal
variances of the quadrature components
σpp = σxx = σ∗ ≡

1
2

+ n.

However, these states form only a small subfamily of a much
larger family of states minimizing inequality (5). The members
of this large family have the form
R̂M = Û ρ̂M Û † ,

Û = exp − i

1
q̂ B q̂
2

+ cq̂ ,

(74)

where q̂ = (p̂, x̂) is the two-dimensional vector operator, c is
an arbitrary vector with real components and B is an arbitrary
2 × 2 symmetrical real matrix. Since Û is the unitary operator,
the state R̂M has the same (usual or generalized) purity as the
initial state ρ̂M . On the other hand, Û is a generator of a linear
canonical transformation [49–51]
Û q̂ Û −1 = 5q̂ + δ c ,

(75)

which preserves the commutators [q̂j , q̂k ] = −ih̄8j k due to
the symplecticity of matrix 5 (hereafter tilde means matrix
transposition and E means the unit matrix)
58 5̃ = 8,
5 = exp(8B),

8 = 8j k  = −8̃,

(76)

δ c = [exp(8B) − E]B −1 c.

(77)

Since the combination of variances (6) is invariant with respect
to arbitrary linear canonical transformations [12, 18, 19], any
state (74) minimizes the generalized uncertainty relation (5).
Therefore, choosing matrix B in an appropriate way, one can
construct minimizing mixed states with any desired degree of
squeezing. Using the terminology accepted for some years,
one may say that the family (74) consists of the special
finite mixtures of the displaced and squeezed Fock states
Û |mm|Û † with the same transformation operator Û for each
member of the mixture (the states Û |m were introduced, as a
matter of fact, by Plebański [52, 53]).
The kernel of the operator Û is a Gaussian exponential
for most representations usually used (coordinate, momentum,
coherent states) [49–51]. In all these representations, the
density matrices related to the state (74) can be written
as some involved finite sums of two-dimensional Hermite
polynomials [51] (the connection between these polynomials
and the states, which are known nowadays as displaced
squeezed number states, was established in another context
in [54, 55]).
A remarkable exception is the Wigner representation,
where the kernel of the operator Û is reduced to the deltafunction [47, 56]




GU (q , q ) = δ(q − 5q − δ c ).

Therefore, the Wigner function describing the state (74) is
given by the same expression (73), with the only difference
that the argument y is now given by
y = q 5̃5q + 2δ c 5q + δ 2c .
The variance matrix in the generic state (74) is


 σpp σpx 

 = σ∗ 8̃ 5̃58.
M≡
σxp σxx 

(78)

(79)

6. Inequalities for modified ‘uncertainties’
From the mathematical point of view, both ‘variance’ and
‘entropic’ uncertainty relations for coordinate and momentum
in the case of pure quantum states are consequences of some
mutual properties of the Fourier pairs ψ(x) and ϕ(k), where
ψ(x) is a complex wavefunction describing the state in the
coordinate representation and ϕ(k) (52) is its counterpart in
the momentum representation [16, 34, 35]. On the other hand,
mixed states are described in terms of density matrices ρ(x, x  )
or Wigner functions W (x, p), which have twice as many
arguments and obey certain constraints, such as ρ(x, x  ) =
[ρ(x  , x)]∗ or Im W = 0. Besides, the normalization
rules and the relations with average values of operators are
different for ρ(x, x  ) or W (x, p) and ψ(x). Therefore, it
is impossible to transfer literally to mixed states the same
approaches that work for pure states, considering ρ(x, x  ) or
W (x, p) simply as ‘effective two-dimensional wavefunctions’.
Some modifications are necessary, including, in particular, a
redefinition of ‘uncertainties’ and, in general, ‘mean values’.
Usually, the mean values entering the definition of
quantum variances are calculated with the aid of the statistical
operator ρ̂ as
Â = Tr(Âρ̂).
(80)
Remembering that ρ̂ n = ρ̂ for pure states, but ρ̂ n = ρ̂ for
mixed ones, there is a possibility to change the definition (80),
replacing operator ρ̂ in (80) by ρ̂ n or, in the simplest case,
by ρ̂ 2 . This idea was formulated in connection with another
problem in [12, 57].
Chountasis and Vourdas [58] used a similar idea to find
a generalization of uncertainty relations for mixed states.
Considering the Wigner function

W (x, p) = ρ(x + X/2, x − X/2) exp(−iXp) dX
and its Fourier transform (known as the Weyl function or
ambiguity function [59])

dx dp
W̃ (X, P ) = W (x, p) exp[−i(P x − Xp)]
2π

= ρ(x + X/2, x − X/2) exp(−ixP ) dx,
they have introduced two kinds of ‘uncertainty’
δx ≡ [x 2  − x2 ]1/2 ,
where
x ≡


x[W (x, p)]2

δX ≡ X 2 1/2 ,

dx dp
= Tr[x̂ ρ̂ 2 ],
2π

(81)

(82)
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dx dp
2π
2 2
1
1
= 2 Tr[x̂ ρ̂ ] + 2 Tr[x̂ ρ̂ x̂ ρ̂],

dX dP
X2  ≡ X2 |W̃ (X, P )|2
2π
= 2 Tr[x̂ 2 ρ̂ 2 ] − 2 Tr[x̂ ρ̂ x̂ ρ̂]

x  ≡
2

x 2 [W (x, p)]2

(83)

(84)

(and similar definitions for p and P ; note that X = P  = 0
identically).
The generalized relations found in [58] read
δXδp 

1
2

Tr ρ̂ 2 ,

δxδP 



with
Tr ρ̂ 2 =

[W (x, p)]2

1
2

Tr ρ̂ 2

(85)

dx dp
.
2π

The equality sign in (85) is achieved for Gaussian thermal
states.
Ponomarenko and Wolf [60] have defined two complementary ‘generalized variances’ of any operator Â in the following way:
(+Â)2 ± ≡ ± Tr([+Â, ρ̂]2± ),

(86)

where +Â = Â − Tr(Âρ̂) and [, ]+ stands for the
anticommutator. In the basis of eigenstates of operator Â,
the generalized variances can be expressed as [60]

(a ± a  )2 |a|ρ̂|a  |2 .
(87)
(+Â)2 ± =
a,a 

+x ≡

The authors of [60] derived the inequality
(+Â)2 − (+B̂)2 +  | Tr([Â, B̂]− ρ̂ 2 )|2

(88)

and proved that it is minimized on Gaussian (squeezed thermal)
states. However, using (87) one can check that for Gaussian
states (without covariance, for simplicity) the generalized
variances are related to the standard ones as follows (here
µ ≡ Tr ρ̂ 2 ):
(+x̂)2 + = 2σx µ,

(+x̂)2 − = 2σx µ3

(and similar relations for the momentum), so relation (88) is
reduced to the known identity (4).

7. Discussion
We have obtained a family of exact inequalities in the
form (5) which give (attainable) lower bounds for the invariant
uncertainty product of mixed states with a given value of some
generalized purity (27), labelled by a continuous non-negative
index r and parametrized implicitly by equations (30) and (31).
We have studied in detail various special cases where simple
explicit expressions can be obtained (see, e.g., equations (20)–
(22), (40) and (47)). In these special cases, the ‘degree of
mixture’ of quantum states is characterized by the ‘superpurity’
(for r = 0), ‘standard purity’ (for r = 1) or von Neumann’s
entropy (for r = ∞). We have also found interpolation
formulae for the limiting function (r) (µ(r) ) (5) in the cases
of r = 1 (25) and 0 (41), as well as asymptotical formulae in
the cases where 1 − µ(r)  1 (38) or µ(r)  1 (42) with any
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value of r. Moreover, we have considered the nonclassical
properties of mixed states minimizing the purity-bounded
uncertainty relations, using as measures of ‘nonclassicality’
the Mandel parameter and the normalized Hilbert–Schmidt
distance from (‘classical’) thermal states.
As a matter of fact, the problem discussed in this paper
is a particular case of a more general problem formulated
in [8]—to find stricter inequalities than the Heisenberg–Weyl
inequality (1), if some additional information on the quantum
system is known (such as, for instance, degrees of purity or
internal entanglement for multidimensional systems, higherorder moments etc). Although some results in this direction
have been obtained recently (e.g., corrections to (1) caused
by some higher-order moments were considered in [61], but
only for pure quantum states), a lot of work is still to be
done. For example, lower bounds on the products of higherorder statistical moments for mixed states were the subject
of paper [62], but only results of some numerical experiments
were presented. It would also be interesting to try to generalize
to the case of mixed states the concepts of the ‘overall width’
and the ‘mean peak width’ introduced by Hilgevoord and
Uffink [63], as well as other different ‘local’ uncertainty
relations discussed, for example, in the review [16].
Some generalizations of the purity-bounded uncertainty
relations to the multidimensional case were found recently by
Karelin and Lazaruk [64, 65]. They looked for inequalities for
the product +x+p, where x, p are s-dimensional vectors and
(choosing a reference frame in which the first-order average
values are equal to zero)
s
1
Tr(x̂i2 ρ̂),
s i=1

+p ≡

s
1
Tr(p̂i2 ρ̂).
s i=1

In [64] Karelin and Lazaruk obtained an inequality which
can be considered as a generalization of the asymptotical
Bastiaans inequality (42) for r = 1 (i.e. for the standard purity
µ = Tr ρ̂ 2 )
 s
2s+1 (s + 1)!
h̄ C(s)
s
(+x+p) 
,
,
C(s) =
µ
(s + 2)s+1
2
 s+2 
2
πs
C(1) = 49 ,
C(s → ∞) ∼
.
e
2
Stricter (and more complicated) inequalities, generalizing
those considered in section 2, were considered in [65]. In
particular, the following interpolating form was given:
+ x+ p 

h̄ s + 2L(µ)
,
2 s+2

where L(µ) is a root of the transcendental equation ('(z) is
Euler’s gamma-function)
µ=

(s + 2L)(s + 1)! '(L)
.
(s + 2)'(L + s + 1)

However, the story is not finished yet, because in
the multi-dimensional case there are many different
invariant combinations of variances for which inequalities
generalizing (1) can be written [16, 17, 66]. It would be
interesting to find stricter inequalities containing purities or
entropies for these combinations, too.
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On choosing µn = 2n + 1 and taking the limit M → ∞, we
arrive at the inequality (11)
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∞


λm

m=0

∞

n=0

|amn |2 (2n + 1) 

∞


λm (2m + 1),

m=0

which becomes an equality if |amn | = δmn .

References
Appendix. Proof of inequality (11)
Due to the important role of inequality (11) in the derivation
of the purity-bounded uncertainty relations, we reproduce here
its proof given in [20]2 .
Let the sequence of numbers bm be defined by
∞


bm =

|amn |2 µn ,

m = 0, 1, . . . ,

n=0

where µ0  µ1  · · ·  µn  · · · and coefficients amn satisfy
the orthonormality condition
∞

n=0

∗
aln amn
= δlm ,

l, m = 0, 1, . . . .

One may consider the numbers bm for m = 0, 1, . . . , M as
the diagonal entries of an (M + 1)-square Hermitian matrix
H = hij  with
hij =

∞

n=0

ain aj∗n µn ,

i, j = 0, 1, . . . , M.

Let the eigenvalues νm of H be ordered according to
ν0  ν1  · · ·  νn  · · ·  νM .
From Cauchy’s inequalities for eigenvalues of a submatrix
of a Hermitian matrix, we conclude that νm  µm (m =
0, 1, . . . , M) and hence
M


M


bm =

m=0

hmm =

m=0

M


νm 

m=0

M


µm .

m=0

Furthermore, with the numbers λm satisfying the property
λ0  λ1  · · ·  λm  · · · , we can formulate the chain
of relations
M
M


λ m bm
λ m b m = λ0 b 0 +
m=1

m=0
M


= λ0 b0 +

λm

m=1
M


= λ0 b 0 +
M−1


λm

m=0

= λM

M


λm

m


M

n=0

2

m


bn −

bn + λ M

n=0

bn +

m−1



bn

n=0
M−1


n=0

n=0

 λM

bn −

n=0

m=1

=


m

λm+1

m=0
M


M−1


bn −

(λm − λm+1 )

M−1

m=0

λm+1

m=0
m


m=0

µn +

bn

n=0

n=0
M−1


m


m


bn

n=0

bn

n=0

(λm − λm+1 )

m

n=0

µn =

M


λm µm .

m=0

Where it was written that this proof was due to M L J Hautus.

[1] Heisenberg W 1927 Über den anschaulichen Inhalt der
quantentheoretischen kinematik und mechanik Z. Phys. 43
172–98
[2] Kennard E H 1927 Zur quantenmechanik einfacher
Bewegungstypen Z. Phys. 44 326–52
[3] Weyl H 1928 Theory of Groups and Quantum Mechanics
(New York: Dutton) pp 77, 393–4
[4] Mandelstam L and Tamm I 1945 The uncertainty relation
between energy and time in nonrelativistic quantum
mechanics J. Physique (USSR) 9 249–54
[5] Wichmann E H 1963 Density matrices arising from
incomplete measurements J. Math. Phys. 4 884–96
[6] de Bruijn N G 1967 Uncertainty Principles in Fourier Analysis
Inequalities ed O Shisha (New York: Academic) pp 57–71
Jauch J M 1968 Foundations of Quantum Mechanics (Reading,
MA: Addison-Wesley) pp 160–3
[7] Faddeev L D and Yakubovsky O A 1980 Lectures on Quantum
Mechanics for Students of Mathematics (Leningrad:
Leningrad State University) pp 35–7
[8] Dodonov V V, Kurmyshev E V and Man’ko V I 1980
Generalized uncertainty relation and correlated coherent
states Phys. Lett. A 79 150–2
[9] Blokhintsev D I 1981 Quantum Mechanics: Lectures on
Selected Topics (Moscow: Atomizdat) pp 87–8
[10] Holevo A S 1982 Probabilistic and Statistical Aspects of
Quantum Theory (Amsterdam: North-Holland) pp 68–73
[11] Fano U 1957 Description of states in quantum mechanics by
density matrix and operator techniques Rev. Mod. Phys. 29
74–93
[12] Dodonov V V and Man’ko V I 1987 Density matrices and
Wigner functions of quasiclassical quantum systems Group
Theory, Gravitation and Elementary Particle Physics Proc.
P N Lebedev Physical Institute vol 167, ed A A Komar
(New York: Nova) pp 7–101
[13] Schrödinger E 1930 Zum Heisenbergschen unschärfeprinzip
Ber. Kgl. Akad. Wiss. Berlin 24 296–303
[14] Robertson H P 1930 A general formulation of the uncertainty
principle and its classical interpretation Phys. Rev. 35 667
[15] Moyal J E 1949 Quantum mechanics as a statistical theory
Proc. Camb. Phil. Soc. 45 99–124
[16] Dodonov V V and Man’ko V I 1989 Generalization of
uncertainty relation in quantum mechanics Invariants and
the Evolution of Nonstationary Quantum Systems Proc.
P N Lebedev Physical Institute vol 183, ed M A Markov
(New York: Nova) pp 3–101
[17] Trifonov D A 2000 Generalized uncertainty relations and
coherent and squeezed states J. Opt. Soc. Am. A 17 2486–95
[18] Dodonov V V and Man’ko V I 1985 Universal invariants of
quantum systems and generalized uncertainty relations
Group Theoretical Methods in Physics Proc. 2nd Int.
Seminar (Zvenigorod, 1982) vol 1, ed M A Markov,
V I Man’ko and A E Shabad (New York: Harwood)
pp 591–612
[19] Dodonov V V 2000 Universal integrals of motion and
universal invariants of quantum systems J. Phys. A: Math.
Gen. 33 7721–38
[20] Bastiaans M J 1983 Uncertainty principle for partially
coherent light J. Opt. Soc. Am. 73 251–5
[21] Dodonov V V and Man’ko V I 1988 Uncertainty relations for
mixed quantum states and higher-order moments Group
Theoretical Methods in Fundamental and Applied Physics.
Proc. Regional School-Seminar (Vladivostok, 1986)

S107

V V Dodonov

[22]

[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]

ed U H Kopvillem and S V Prants (Moscow: Nauka)
pp 40–54 (in Russian)
Dodonov V V and Man’ko V I 1988 Uncertainty relations for
mixed quantum states Proc. 4th Seminar on Quantum
Gravity (Moscow, 1987) ed V A Berezin, V P Frolov and
M A Markov (Singapore: World Scientific) pp 308–21
Bastiaans M J 1984 New class of uncertainty relations for
partially coherent light J. Opt. Soc. Am. A 1 711–5
Bastiaans M J 1986 Uncertainty principle and informational
entropy for partially coherent light J. Opt. Soc. Am. A 3
1243–6
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